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A-LEVEL MATHEMATICS - PURE 4

Partial Fractions

Worked Solutions

Pearson Edexcel International A Level (WMA14) & A Level (9MAOQ) « Calculator allowed: show every step

Full worked solutions for the free Partial Fractions worksheet, A-Level and International A-Level Maths
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Examples Fluency Reasoning Problem Exam
& Your turn core skills explain it solving practice
page 2 page 3 page 5 page 6 page 7

Tap a section to jump straight to it

Full worked solutions for every question on the Pure 4 Partial Fractions worksheet, in the same order and with the
same question numbers.

How to mark your work. Tick each step you got right, not just the final answer. At A-level most marks are for method,
so a wrong final answer can still earn most of the marks. If you lost marks, find the first line where your working is
different from ours. That is the thing to fix.

In Section E: M = method mark, dM = method mark that depends on the previous M mark, A = accuracy mark (needs
the M mark before it), B = independent mark.

Question sheet Exam questions by topic Algebra revision engine More worksheets
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A-Level Mathematics Pure 4 Partial Fractions

Your turn answers
Compare each line of your working with the solution.

CORE

A1

A2

A3

STRETCH

3 25 5
x+11EA(x+1)+B(2x—3):x=§:?=§A,A=5;x=—1:10=—5B,B=—2
S 2
2x—3  x+1

13x—7=A(x+1)+B(Bx—2): A+3B=13andA—2B=—-7,s05B=20

1 4

B=4,A=1: +—
3x—2 x+1

2x° —7x+28 = A(x — 3)% + B(2x — 1)(x — 3) + C(2x — 1)

1 25
x=3:25=5C, C =5; x=§:25=TA,A=4; x2:2=A+2B,B=—1

A4  A=3; 3x°-3x+2=3(x+1)(x—3)+B(x—3)+C(x+1)
2 5
x=—1:8=—4B,B=-2; x=3:20=4C,C=5: |[3— —+
x+1 x-—3
A5 Dividing by x? + 2x — 3: quotient x + 3, remainder x — 5
x—5=C(x—1)+D(x+3): x=1: —4=4D,D=—1; x=—-8: -8=—-4C,C=2
2 1
X+ H———
x+3 x—1
A6 2x3+x%=x%(2x+1): ¥*+3x+1 =Ax(2x+1)+B(2x+1) +Cx?
1 1 1 5
x=0:B=1; x=——=:—=-C,C=—1; x*:1=2A+C,A =1
2 4 4
1 1 1
g ——
X X 2x+1
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A-Level Mathematics Pure 4 Partial Fractions

5x—1

A7 -2 1)2 = x® —3x— 2, so the fractionis 2+ ————————
(x—2)(x+1)°=x X +(x—2)(x+1)2

5x—1=Ax+1)2+B(x—2)(x+1)+C(x—2): x=2:A=1; x=—1:C=2; x*>: B= —1

1 1 2

2+ = +
x—2 x+1 (x+1)?

Fluency solutions
One mark for each correct part. The notes in italics explain why each sequence was chosen.

A B A B C
B1 —
(@ x+2+x—5 () x—1 +)c+3+2)c+‘l
A B C B C
c d) A —
() x+1+(x+1)2+x—2 (@ -1 x4

One term per factor, two for a squared factor, and a polynomial part when the top degree is not lower.

3 +i (b) 2 1 ©) 2 4 d) 2 1 3

x—1 x+1 x—3_x+2 x—3_2x+1 X x—1+x+2

B2 (a)

1
For 2x + 1, substitute x = — 5; with three factors, three substitutions.

2 3 3 1
B3 (@) A+B=5,2A+B=7. |—+——| (b) A+2B=1,—-3A+B=—10:
x+1 x+2 2x+1 x—3

(c) 2(x+4)+3(x—1) =5x+5: [a=5,b=5| (d) [A=3,B=—4,C=6]

Compare x terms and constants; in (d), start with x*> and work down.

1 4 1 2 3
B4 L .
@ x+1+()c+1)2 () x+2  x—1 (x—1)2
1 2 4 1 2 1
S d -+
e el LGN P v

Two substitutions give the outer constants; the x? coefficient gives the middle one.

2 2 &) 4 2 &)
+——| (b) [2——+ ) [x—1——+——
x+1 x+2 x x—1 x x+1

B5 (a)|1—

Divide first: the quotient is the polynomial part, and only the remainder is split.

Join students already acing their exams.
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A-Level Mathematics

Pure 4

Partial Fractions

B6

STRETCH

B7

B8

B9

B10

(@) (x—2)(x+3):

(c) x(x—

3
x—2

2

xX+3

(b) (x—

1)(x+1): 7;+2(x_

2
x—1

(x+1):

+
X+ 1

4

1

5

3

1) 2(x+1)

(d) (x—1y

, improper:

The form depends on the factorised denominator, so always factorise first.

2+

x—1

(x—1)

3

x+1

(@) [x—2+

]
(x+1)2

(€) 6x2+x—1=(2x+1)(Bx—1):

(b)

In (c) and (d) a factor cancels, so a term disappears: always look for a common factor first.

(a)

1 1
2a \x—a

1
X+a

1 1
==
y y—1

(c)

]
y+1

The method does not change when the variable or the constants are letters.

(b)

(d) (2x—

1)(x+3):

(a) constants: 8+2—C=5,C=5; x:8—1+C=a: |a=12,C=5

(b) [A=2,B=—1,C=1] (c)

(d) 1=

]
x—1

D=

=+

]
(x—1)2

Comparing coefficients gives facts that substitution does not show directly.

(@

(c)

(b) [x=1,x=—2,y=2]

5—2x

x—1 x+2

T (x—1)(x+2

2)

< 0 for large x:

A(x+2)(x+3)+B(x+1)(x+3)+C(x+1)(x+2); the x* terms give A+ B+C = 0:

3
x+2

A:

The constant part is the horizontal asymptote; the other terms say how the curve approaches it.

* %k Kk Kk
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A-Level Mathematics Pure 4 Partial Fractions
C Reasoning solutions
Your wording can be different. Check that your reason makes the same point.

C1 3x+1=A(x+1)2+B(x—1): the x? terms give A = 0, but x = 1 gives A = 1, a contradiction.

A B C
+ +
x—1 x+1 (x+1)?

C2  The fraction is improper (degree 2 over degree 2), so it needs a constant term first.

C
P
x—1 x+2

A+

A
C3  She multiplied — by (x+ 1) only; it must be multiplied by (x+1)2
r—

dx+1=Alx+1)2+Bx—2)(x+1)+C(x—2); x=2: 9= 9A:

C4  After multiplying out, both sides are polynomials that are equal for every x except 1 and —2, so they are
identical and equal for all x, including x = 1

x=1:9=3A: [A=3]

STRETCH

C5  x?+2x=x(x+2), so the fraction is LS: there is no factor x + 2 left.

, S0 B =0 is correct.

C6 3x+2=3(x—1)+5:[A=3,B=5

;and |P=3,0=2]

B .
+ ——— has constant numerators, so each term can be used directly,

Both forms are correct, but
x—1 (x—1)2

for example differentiated.

C7  One value gives one equation, but there are two unknowns, so many wrong answers pass one check.

2 1

9 17
= 2: the left side is — his right side is —:
X teet3|de|35but is right side is 5 327 113

Join students already acing their exams.
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A-Level Mathematics Pure 4 Partial Fractions

1 1 (x+b)— (x+a) b—a o _
c8 B = = ; dividing by b —a #0 th It.
(@) xX+a x+b (x+a)(x+b) (x+a)(x+b) viding by a 70 gives the resu

1 1 1 1 1 1
(b) a=2,b=3: | — ———| =X : —

x+2 x+3| 4 < 1>( 1>' 22x—1) 2(2x+1)
x——= | [x+=

a Problem solving solutions

There is often more than one correct method. Any complete, correct method scores full marks.

D1 P —7x+32=A(x—23)?+B(x+2)(x —3) +C(x+2)

x=3:20=5C; x=-2:50=254; *>: 1=A+B: [A=2,B=—1,C=4

32 16 2 1 4 16
heck x=0: — = — — === —
Check x=0 8- 9 and2+3+g 5 v

D2 (@) A=1: X*+2x+3=(x—1)(x+2)+B(x+2)+C(x—1);x=1:6=3B; x= —2: 3= -3C

2 1

y=1+

x—1 x+2

]
= —,so2x+4=x—1: [P(=5,1)

b) y=1 when
(b) y x—1 x+2

D3 ix+4=A(x—2)+A(x+1)=A(2x—1)

_8x+4 4 4
constants: —A =4,s0A=—4; x: k=2A: |k=—8,A=—4/| ( 1))E+ 5 =
X+ X — X+ X —

D4 X —x=x(x—1)x+1): X®>+10x+1=A(x—1)(x+1)+Bx(x+1)+Cx(x — 1)

1 4
x=0:1=—A; x=1:12=2B; x=—1: -8=2C: |— + 6
x x—1 x+1

2 1 4 2
Check x = 2: —Sand —7+6—7=—5 v
6 2 3 6

STRETCH

B
D5 f(0)=3+2— =1 B=8

ax® +bx+c=3(x+1)(x—2)+2(x —2) +8(x+1)=3x®>+7x—2: |B=8,a=3,b=7,c= 2
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Partial Fractions

D6 (a) 5x°+6x+2=A(x+1)>+Bx(x+1)+Cx;x=0:A=2;x=—1:C=—1;x*>: B=3

2 8 1
c, 2
x x+1  (x+1)2

3 1 3x+2 2
b — = > 0forx>0,s0 [f(x) > —
()x+1 (x+1)2  (x+1)2 x ) X
s 3 5 2x° —4x+4
D7 (@) x(x—1)*=x"—2x“+x,s0y=1+ ———
x(x—1)2

x=0:B=4; x=1E=2; x> B+D=2,D=-2: |[1+— —

2 (x% —2x+2)

(b) y—1= x(x—1)2

and x> —2x+2=(x—1)2+1>0, so ’y;ﬂ foreveryx‘

D8 (a) 3x+7=3(x+2)+1: |3+ —
xX+2

1
(b) x> —2,s0 ) takes every positive value: |f(x) > 3
X+

1 1 1
—3=—, =2 () = —2 , x>3
(c) y—3 o SO x +y—3 (%) +x—3 X

Exam practice solutions
Mark-scheme notes are shown on the right of each line.

CORE Exam questions for everyone

E1l (a) 3x°—6x+9=A(x—2)2+B(x+1)(x—2)+C(x+1)
x=2:9=3C,C=3; x=—1:18=94,A=2
x%:3=A+B: |[A=2,B=1,C=3|

M1: correct identity
A1: two constants

A1l: all three

2 1 6
/ oy .
(b) f'(x)=— cr 1) — 22 — 2P M1: differentiates the terms
2 57
fl(3)=_ﬁ_1_6: Y A1 cao
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Partial Fractions

E2 (a) A=2 B1
4x° +3x+2=22x — 1)(x+1)+B(x+1)+C(2x — 1) M1
1.9 3B B=3 1:3 3C,C 1 A1 A1
X=—. —=— =9, X=—1. = — = —
2 2 2 ) ) )
3 1
=2 _—
9l Tor—1 x+f
3 1 x+4
b 2= _ = M1: bi
) o) =2 =~ e T @ 1)) combines
L -
for x > >’ this is positive, so g(x) > 2 and never equals 2 A1: reason
E3 (a) 15t =A(t+4)+B(t+1) M1
20 5
t=—1:-15=34; t=—4: -60=-3B: | — — — A1 A1
t+4  t+1
dC 20 5
b) —=——5 M1
®) G = e T
=0when (t+4)> =4(t+1)?, so t +4 = 2(t + 1) (both positive) am1
A1
C—20 >, §m er litre Al
%6 3 |3MP
(c) both terms tend to 0 as r — oo: |the concentration tends to 0| B1
i I ing thei .
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