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A-LEVEL MATHEMATICS - PURE 4

Integration

Worksheet

Pearson Edexcel International A Level (WMA14) & A Level (9MAOQ) « Calculator allowed: show every step

Free Integration worksheet for A-Level and International A-Level Maths, with full worked solutions
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Examples Fluency Reasoning Problem Exam
& Your turn core skills explain it solving practice
page 2 page 4 page 6 page 7 page 9

Tap a section to jump straight to it

By the end of this worksheet you can: integrate by substitution, changing the limits « integrate by parts, with Inx
as u ¢ integrate using partial fractions ¢ find volumes of revolution « solve separable differential equations ¢« Stretch:
parametric areas and volumes, parts twice, and modelling.

Which questions are for me? Track your progress
The methods every A-level student must secure. )

Section B|C|D|E
Start here.
Parts twice, substitutions that lead to parts, Core marks 23 | 10| 13 | 11
parametric areas and volumes, and models you solve and Stretch marks 16 | 14 | 17 | 8
interpret. My score

Every section has both, clearly labelled. Questions get
harder as you go, and every skill in Sections Ato D is
needed in Section E.

Full worked solutions Exam questions by topic Integration revision engine Formula sheet builder
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A-Level Mathematics

Integration

Worked examples & Your turn

Read each example carefully. Cover it up, then answer the question beside it using the same method.

CORE Secure the method

Worked example A1: substitution

X
Use u=2x—1tofind [> ———dx
i V2x —1
1 1
x=%,dx=§du; the limits become u=1 andu =9

Worked example A2: by parts

Find [7 xsinxdx

dv ) . '
U=x, @ =sinx: / xsmxdx:—xcosx+/ cosxdx
X . o

[—xcosx+ sinx]og =(0+1)—(0+0)

Worked example A3: partial fractions

Find f2‘°’ ( dx, as a single logarithm.

x—1)(x+4)

5 1 1
Split first: = -
o (x—1)(x+4) x—1 x+4

[In(x—1)—In(x+4)2 = (INn2—In7) — (0—In6)

12
In—
7

Your turn A1

Use u=x+1tofind [3 xv/x+1dx

Your turn A2

Find ff xInxdx, choosing u carefully.

Your turn A3

dx, as a single logarithm.

. 1 3
Find o ey
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A-Level Mathematics

Pure 4

Integration

STRETCH

Worked example A4: volume of revolution

1

y=x+— for 1 < x < 2 is rotated 27 about the
X

x-axis. Find the exact volume.

]
Square the whole of y: y* = x* +2+ —

Worked example A5: differential equations

d
Solve d—y =xy?, given that y = 1 when x =0
X

Separate, integrate both sides, add +c at once.

) 1 X2
/y dy=/xdx: ——=—+c,andc=—1
y 2

Worked example A6: parts twice
Find [ x2e®*dx

Parts twice: u = x%, thenu = x

Worked example A7: a parametric volume

x=1t2,y=2t,0<t<1,is rotated 27 about the
x-axis. Find the volume.

V=m[y?Sdt, witht limits

1
l,4
T [} 4% x2tdr =87 [—]
0

2n

Your turn A4

y=1+e " for 0 < x <In2is rotated 27 about the
x-axis. Find the exact volume.

Your turn A5

dy
Solve
v d

=2x(y+1), giventhaty=1whenx=0
X

Your turn A6

Find fog x? cosxdx

Your turn A7

T
x=2sint,y=cost,0 <t < > is rotated 27 about

the x-axis. Find the volume.

* kK Kk

Book your FREE lesson at www.eclassroom.org.uk

Join students already acing their exams.

Page 3 of 11


https://www.eclassroom.org.uk

A-Level Mathematics Pure 4 Integration

CORE Secure the method

Fluency
Each question is a designed sequence. From one part to the next, ask yourself: what changed, and what did it do

to the answer?

B1 Use the given substitution to find each integral.
(a) / 2x (x2 - 3)5 dx, u=x>—-3 (b) / cosxeS™dx, u=sinx
(c)/ S dx, u=x2+4 (d) /x\/x—de, u=x—2
x“+4
[4 marks]
B2 Find the exact value of each integral, using a suitable substitution.
! 2\3 (I 3
(a) / x(1+x%)" dx (b) / sinxcos® xdx
0
e Inx o x
—dx d / dx
CHA @ Jo Vax
[4 marks]
B3 Use integration by parts to find
(a) / xe*dx (b) / xcos 3xdx
(c) / Inxdx (d) / *2Inxdx
[4 marks]
B4  Use partial fractions to find
(a) / ———dx (b) / 8 d
(x—1) x+1 (x+3)
X+2
—d d —d
(c)/ (2x+1)(x+1) * ()/ *
[4 marks]
B5 Each curve is rotated 27 about the x-axis between the given limits. Find each exact volume.
(@ y=vx 0<x<4
(b) y=x%, 0<x< 1
1
() y=—, 1<x<3 [3 marks]
X
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Pure 4

Integration

B6

B7

B8

B9

B10

Solve each differential equation with the given condition, giving y (or y?) in terms of x

d
@@ 2 =3y, y=2whenx=0
dx

Q_x

(b) =—, y=3whenx=4
dx y

d
(c) d—y =ycosx, y=ewhenx=0
X

d
(d) 2 2xe™”, y=0whenx=0
dx

STRETCH

[4 marks]

Find

e2x
H — X
(a)/ex+1dx,u5|ngu_e +1

2 cosx
b / dx, exactl
(b) o 1+sinx o y

1

c dx, usi =

()/xh/;xusmgu NE
2

(d) / x®Vx3 +1dx, exactly
0

Find

(a) / x’edx

(c) / I;—;Cdx

(b) / x(r+1)5dx

(d) / xsinxcosxdx

Find the exact volume when each region is rotated 27 about the x-axis.

T
(a) Undery=secx, 0 <x < 3
(c) Undery=sinx,0<x<m

(b) Undery=¢e"+e %, 0 <x< 1
Yy

(d) Betweeny=1+x?andy=2

Solve each differential equation with the given condition.

d -2
—y=y—, y=5whenx=1
dx X

(@

d
(c) y—y=xex, y=1whenx=0
dx

dy
(d =

d T
(b) cosy—y =sinx, y=0when x =
dx 2

2y
x(x+2)

, y=1whenx=2

[4 marks]

[4 marks]

[4 marks]

[4 marks]
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A-Level Mathematics Pure 4 Integration

C Reasoning
Show your working and explain your thinking. A correct answer without a reason does not score full marks.

CORE Secure the method

o Tofind/x(x2+1)3dxwithu=x2+1,Adawrites/xusdu

Explain her error, and find the integral. [2 marks]

dx=4In|2x—1]+¢

4
C2 Ben writes
wi /2x—1

Explain his error, and give the correct answer. [2 marks]

4
C3  Forthe volume when y = 1+./x, 0 < x < 4, is rotated about the x-axis, Cai writes 7r/ (1+x)dx
0

Explain his error, and find the correct exact volume. [3 marks]

d
C4  Dani solves d—y = 2y, with y = 3 when x = 0, and writes “Iny = 2x, so y = e**”
X

Explain why her answer cannot satisfy the condition, and give the correct solution. [3 marks]

STRETCH

2 1
C5 Tofind / xe* dx, Eve uses u = x* and gets > [e”]%
0

Find her error, and give the correct exact value. [3 marks]

C6 To find / xInxdx, Fin chooses u = x and ? =Inx
X

Explain why this choice is poor, and find the integral with a better choice. [3 marks]

1 47
C7 Forx=t2y=2t0<t <1, Gitafinds the volume of revolution as 71:/ 412 dr = =
0

Explain her error, and give the correct volume. [3 marks]

C8 (a) Use integration by parts to show that /Inxdx:xlnx—x+c

(2)
e
(b) Hence show that / (Inx)?dx=e—2
1
(3)
[5 marks]
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A-Level Mathematics Pure 4 Integration

CORE Secure the method

D2

D3

D4

Problem solving
You decide the method. Read the whole question first, and show every step.

In this question you must show all stages of your working. Solutions relying on calculator technology are
not acceptable.

Use integration by parts to find the exact value of

T

/é xsin3xdx
0

- o . dv
giving your answer in its simplest form. You must state your choice of u and ar and show each stage of
X

your integration clearly. [3 marks]

Bx+4
The function f is defined by f(x)= — x> 1
(x—1)(x+2)

(a) Express f(x) in partial fractions, showing clearly how you find each constant.

(2
4
(b) Using your answer to part (a) and algebraic integration, show that / f(x)dx = Ink, where k is a rational
2

number to be found. Give k as a fraction in its simplest form.

(2
[4 marks]

A curve C passes through the point (1, 3). At every point (x, y) on C the gradient satisfies the differential
equation
dy 6x°
Ty
By solving the differential equation, find an equation for C, giving your answer in the form y? = f(x), where
f(x) is a polynomial to be found. [3 marks]

Figure 1 shows the curve C with equation

1
y=\/§+ﬁ, x>0

The curve has a minimum point where x = 1. The region R is L/

bounded by C, the x-axis and the lines x=1 and x = 4. The
region R is rotated through 27 radians about the x-axis. Use

algebraic integration to find the exact volume of the solid E . i
generated, giving your answer in the form m(a + bIn2), where 9] 1 4'1 *
a and b are rational constants to be found. .
Figure 1
[3 marks]
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A-Level Mathematics Pure 4 Integration

STRETCH

D5

D6

D7

D8

Using the substitution u = 1/x, or otherwise, find the exact value of
4
/ eV dx
;

giving your answer in its simplest form. You must show clearly how the limits and dx change. Solutions
based entirely on graphical or numerical methods are not acceptable. [4 marks]

Figure 2 shows the curve C with parametric equations
x=t?, y=sint, 0<t <

where t is a parameter. The region R is bounded by C and

the x-axis. c

(a) Show that the area of the region R is given by the integral R
T
H X
/0 2tsint dt 0 2

(2) Figure 2
(b) Hence, using algebraic integration, find the exact area of

R, giving your answer in terms of &

(2)
[4 marks]

A cup of tea at 90 °C is left in a room at 20 °C. Its temperature 6 °C, t minutes later, satisfies
do
P
where k is a positive constant. The model assumes that the temperature of the room stays constant. After
10 minutes the temperature of the tea is 55 °C.

(a) Show that 6 = 20 +70e~*

—k(6 — 20)

(2)
(b) Find the exact value of k, and use the model to find the time at which the temperature of the tea is
30°C, giving your answer to 3 significant figures.

(2)
[4 marks]

In this question you must show all stages of your working.
Solutions relying on calculator technology are not acceptable.

Figure 3 shows the curve C with equation y = xez. The
region R is bounded by C, the x-axis and the line x =1. The
region R is rotated through 27 radians about the x-axis.

(a) Show that the volume of the solid is given by

1 R
T / x2edx
0 0

(1)

1
Figure 3

(b) Using algebraic integration, find the exact volume of the solid, giving your answer in its simplest form.

(4)
[5 marks]
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A-Level Mathematics Pure 4 Integration

Exam practice
Exam-style questions in the style of WMA14. Write your answers in the spaces, and show every step.

CORE Exam questions for everyone

E1 In this question you must show all stages of your working. Solutions relying on calculator technology are
not acceptable.

Using the substitution u = 2x+ 1, and showing all stages of your working, show that

4 X b
S EEE—— = I
/0 ( +1)2dx aln3+

where a and b are rational constants to be found. You must show clearly how the limits change and how
dx is replaced, and you should give a and b as fractions in their simplest form.

®)

(Total for Question E1 is 5 marks)
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A-Level Mathematics Pure 4 Integration

E2 Figure 4 shows part of the curve C with equation

3 y
= —7 2 0

Y a2
The region R is bounded by C, the coordinate axes and the
linex=2 C

9 . . . . R ‘
(a) Express ———— in partial fractions, showing clearly !

(x+1)(x+2) } X
how you find each constant. 0 2
(2 Figure 4

(b) The region R is rotated through 27 radians about the x-axis. Use your answer to part (a) and algebraic
integration to find the exact volume of the solid generated, giving your answer in the form pxing, where p
and g are rational numbers.

4)

(Total for Question E2 is 6 marks)

Join students already acing their exams.
* % %k K Kk y g Page 10 of 11

Book your FREE lesson at www.eclassroom.org.uk


https://www.eclassroom.org.uk

A-Level Mathematics Pure 4 Integration

STRETCH

E3 In a chemical reaction, x grams of a product have formed after  minutes. The reaction is modelled by

d
d—’; —k(B—x)2—x), 0<x <2
where k is a positive constant. Initially, when ¢ = 0, no product has formed.
1
a) Express ——— — in partial fractions.
(a) Exp Bv@— p

(2)
. . , 2(3—x)
(b) Hence, using algebraic integration, show that &z =In 32-2)
(3)
(c) Giventhat x =1 when ¢ =5, find the exact value of k
(1)

(d) Find x in terms of ¢, and hence state, with a reason, the mass of product that is formed in the long
term, according to this model.

(2

(Total for Question E3 is 8 marks)

Want more exam practice? The Exam Questions by Topic booklets have 10 more full exam questions

on Pure 4 Chapter 6, Integration, with a full mark scheme.

Finished? Mark your work with the full worked solutions, fill in your scores on the front page, then keep
the skill sharp with unlimited questions on the Integration revision engine.
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